The electrical conductivity of graphene with a nonzero mass-gap parameter is investigated starting from the first principles of quantum electrodynamics in (2+1)-dimensional space-time at any temperature. The formalism of the polarization tensor defined over the entire plane of complex frequency is used. At zero temperature we reproduce the results for both real and imaginary parts of the conductivity, obtained previously in the local approximation, and generalize them taking into account the effects of nonlocality. At nonzero temperature the exact analytic expressions for real and imaginary parts of the longitudinal and transverse conductivities of gapped graphene are derived, as well as their local limits and approximate expressions in several asymptotic regimes.
I. INTRODUCTION
During the last few years, a two-dimensional hexagonal lattice of carbon atoms known as graphene has attracted widespread attention owing to its unusual physical properties and promising applications [1] . Unlike conventional condensed matter systems, the quasiparticles in graphene are massless or very light particles which at low energies obey the relativistic Dirac equation, where the speed of light c is replaced with the Fermi velocity v F ≈ c/300
(see the monograph [1] and review papers [2] [3] [4] ). This makes the electronic properties of graphene highly nontrivial, and, specifically, results in the existence [5] of a universal (up to small nonlocal corrections) frequency-independent conductivity σ 0 in the limit of zero temperature.
The electrical conductivity of graphene was investigated in many theoretical papers using the current-current correlation functions in the random phase approximation, the twodimensional Drude model, the quasiclassical approach, the Kubo formula, and Boltzmann's transport theory (see, e.g., Refs. ). At first, a few distinct values for the universal conductivity σ 0 have been obtained by different authors (see Refs. [4, 9, 10, 21] for a review) depending on the order of limiting transitions in the used theoretical approach. At a later time, a consensus was achieved on the value σ 0 = e 2 /(4 ) [5, 6, 13, 18, 21, 27, 30] . However, up to now there is no complete agreement between the results of the different approximate and phenomenological approaches to the conductivity of graphene at nonzero temperature, in the presence of nonzero mass-gap parameter and chemical potential. In doing so, the experimental results [31] [32] [33] [34] [35] are not of sufficient precision for a clear discrimination between the various theoretical predictions.
Quantum electrodynamics at nonzero temperature provides a regular way for describing the response of a physical system to the electromagnetic field by means of polarization tensor. For graphene with an arbitrary mass-gap parameter ∆ an explicit expression for the polarization tensor in (2+1)-dimensional space-time was found in Ref. [36] at zero temperature. The temperature correction to the polarization tensor of graphene was derived in
Ref. [37] at the pure imaginary Matsubara frequencies. The results of Refs. [36, 37] have been used to calculate the Casimir and Casimir-Polder forces [38, 39] in many real physical systems incorporating graphene sheets [40] [41] [42] [43] [44] [45] [46] [47] (previously such calculations were performed by means of the density-density correlation functions of graphene, the spatially nonlocal dielectric permittivities, phenomenological Drude model, etc. [48] [49] [50] [51] [52] [53] ). The polarization tensor of graphene was also used [43, 54] to compare with theory the experimental data on measuring the Casimir interaction in graphene systems [55] , and very good agreement was obtained.
Another representation for the polarization tensor of graphene valid over the entire plane of complex frequency was derived in Ref. [56] . It was applied to investigate the origin of large thermal effect in the Casimir interaction between two graphene sheets [57, 58] and to calculate the reflectivity properties of gapless graphene [56] . In Ref. [59] the same polarization tensor allowed calculation of the reflectivity properties of graphene-coated substrates.
The derivation of the polarization tensor valid along the real frequency axis made it possible to investigate the electrical conductivity of graphene on the basis of first principles of quantum electrodynamics at nonzero temperature. Note that in Ref. [56] explicit expressions for the polarization tensor at real frequencies were obtained only for a pure (pristine)
graphene having a zero mass-gap parameter, whereas for a gapped graphene the respective expressions were presented in an implicit form. Because of this, as the starting point, the conductivity of pure graphene was investigated [60] . In doing so, a few results obtained previously using different theoretical approaches have been reproduced, and several novel analytic asymptotic expressions and numerical results (especially for the imaginary part of conductivity) have been obtained.
In this paper we apply the formalism of the polarization tensor to systematically investigate the electrical conductivity of gapped graphene on the solid foundation of quantum electrodynamics. For this purpose, an explicit form of the results of Ref. [56] related to the case of nonzero mass-gap parameter is employed, which was found in Ref. [61] . It is known that quasiparticles in graphene may acquire some small mass m under the influence of impurities, electron-electron interactions, and in the presence of substrates [2, [62] [63] [64] .
The conductivity of gapped graphene was studied in Ref. [20] using the two-band model and in Ref. [29] using the static polarization function. At zero temperature some analytic expressions for the conductivity of gapped graphene were obtained in Refs. [16, 17] , whereas
Ref. [27] contains the final results for both real and imaginary parts of conductivity in the local approximation. We reproduce the zero-temperature analytic results of Ref. [27] within the formalism of the polarization tensor and generalize them taking into account the effects of nonlocality. Specifically, it is shown that at zero temperature the real part of the conductivity of gapped graphene is equal to zero in the frequency region from zero to the characteristic frequency, which is slightly larger than ∆/ due to nonlocal effects. With increasing frequency the real part of conductivity decreases monotonously from 2σ 0 to σ 0 .
According to our results, nonzero temperature has a dramatic impact on the conductivity of gapped graphene. Thus, the real part of conductivity for frequencies larger than the characteristic frequency may be either decreasing or increasing function depending on the relationship between the mass-gap parameter and the temperature. The imaginary part of the conductivity of gapped graphene varies from plus to minus infinity when frequency increases from zero to the characteristic frequency (at zero temperature it varies from zero to minus infinity in the same frequency region). We obtain the analytic asymptotic expressions and perform numerical computations for both real and imaginary parts of the conductivity of gapped graphene at nonzero temperature.
The paper is organized as follows. In Sec. II, we present explicit expressions for the polarization tensor of gapped graphene along the real frequency axis. In Sec. III, both real and imaginary parts of the conductivity of gapped graphene are derived at zero temperature.
Sections IV and V investigate the impact of nonzero temperature on real and imaginary parts of the conductivity of gapped graphene, respectively. Our conclusions and discussion are contained in Sec. VI.
II. POLARIZATION TENSOR OF GAPPED GRAPHENE
Here, we present analytic results for the polarization tensor of gapped graphene along the real frequency axis derived in Refs. [56, 61] . We also demonstrate how real and imaginary parts of the conductivity of graphene are expressed via imaginary and real parts of the polarization tensor, respectively. Both the longitudinal (along the graphene surface) and transverse (normal to the graphene surface) conductivities are considered.
The description of graphene using the polarization tensor in the one-loop approximation and the density-density correlation functions in the random phase approximation are equivalent [44] . The former method is, however, somewhat advantageous because it relies on well understood formalism of quantum field theory at nonzero temperature. This allowed complete derivation of the polarization tensor of gapped graphene valid over the entire plane of complex frequency [56] . In Ref.
[61] a more convenient form of this tensor especially along the real frequency axis has been obtained for a gapped graphene.
As usual, we notate the polarization tensor as Π µν (ω, k, T ), where µ, ν = 0, 1, 2, ω is the frequency of an electromagnetic wave, k is the magnitude of the wave vector component parallel to graphene, and T is the temperature. We assume real photons on a mass-shell, so that the inequality k ≤ ω/c is satisfied. It has been shown [36, 37] that only the two components of the polarization tensor of graphene are independent. It is conventional to use Π 00 and Π tr ≡ Π µ µ as the two independent quantities. For our purposes, however, it is more convenient to use the following combination
as the second quantity.
We present Π 00 and Π as the sums of zero-temperature contributions and temperature
The thermal corrections ∆ T Π 00 and ∆ T Π vanish in the limit of zero temperature.
The analytic expressions for the polarization tensor of gapped graphene at T = 0 were derived in Ref. [36] . They result in
As is seen from Eqs. (3)- (5), under the condition ωη < ∆ the quantities Π are real. If the condition ωη ≥ ∆ is satisfied, they have both real and imaginary parts.
We now continue by considering the thermal corrections in Eq. (2). The imaginary parts of both ∆ T Π 00 and ∆ T Π are also different from zero only under the condition ωη ≥ ∆ [56, 61] . The explicit forms are the following [56, 61] :
and the integration limits are
The real parts of thermal corrections in Eq. (2) are different from zero at all frequencies.
For the frequencies satisfying the condition ωη < ∆ the results are [61] Re∆
Within the frequency region ωη ≥ ∆ explicit representations for the quantities Re∆ T Π 00
and Re∆ T Π are somewhat more complicated. Thus, according to Ref. [61] , the most convenient expression for Re∆ T Π 00 in this region is the following:
where the integrals I 1,2,3 are defined as
.
In a similar way, the most convenient expression for Re∆ T Π in the frequency region ωη ≥ ∆ is given by [61] Re∆
where the integrals J 1,2,3 are the following
The above expressions (2)- (13) provide an exact representation for the polarization tensor of graphene at arbitrary frequency, wave vector, temperature and mass-gap parameter in the application region of the Dirac model. This opens up possibility for a comprehensive investigation of the conductivity of gapped graphene on the basis of first principles of quantum electrodynamics. The point is that the longitudinal and transverse conductivities of graphene are directly connected with the respective density-density correlation functions [52, 65] . The latter are expressed via the components of the polarization tensor [44] . As a result, the longitudinal and transverse conductivities of graphene take the form [60, 61] 
In the next sections, using these equations, the conductivities of gapped graphene are treated at both zero and nonzero temperature.
III. CONDUCTIVITY OF GAPPED GRAPHENE AT ZERO TEMPERATURE
At T = 0 the polarization tensor of gapped graphene is characterized by the quantities Π
00 and Π (0) which are presented in Eqs. (3)- (5). We consider separately the real and imaginary parts of the conductivity.
A. Real part of conductivity
According to Eq. (14) , the real parts of graphene conductivities at zero temperature are given by
From Eqs. (3)- (5) one obtains
where θ(z) is the step function.
Substituting Eq. (16) in Eq. (15) and taking into account that α = e 2 /( c), one arrives at
where the universal conductivity of graphene is
As is seen from Eq. (17), in the frequency region satisfying the condition ωη < ∆ the real parts of the conductivities of gapped graphene are equal to zero. Note that the vanishing of the conductivity of gapped graphene at low frequencies was noted in many papers using various formalisms (see, for instance, Refs. [17, 20, 27] ).
Taking into account that k ≤ ω/c, one obtains
Using Eq. (4), we expand Eq. (17) in powers of the small parameter (19) and in the lowest order find
As is seen from Eq. (20), Reσ and Reσ ⊥ differ only in the first perturbation order in the small parameter (19) and, thus, can be considered as equal for all practical purposes. They are normalized to σ 0 and plotted in Fig. 1 
Note that in our case the same results are obtained from Eq. (20) taken at k = 0. They coincide with the results presented in Ref. [27] obtained in the framework of another approach.
B. Imaginary part of conductivity
Using Eq. (14), for the imaginary part of conductivity of graphene at zero temperature we obtain
For the real part of the polarization tensor from Eqs. (3)- (5) one finds
where
Using the identity [66] arctanhz = 1 2 ln
Eq. (24) can be rewritten in the form
Substituting Eqs. (23) and (26) in Eq. (22), one arrives at
From Eq. (27) it is seen that the nonlocal effects play equally small role in the imaginary parts of conductivity of graphene as in its real part. In the local limit we have η(ω, 0) = 1 and Eq. (27) reduces to
In Fig. 2 we plot the imaginary part of the conductivity of graphene normalized to σ 0 at T = 0 as a function of the ratio of ω to the width of the gap ∆. As is seen in Fig. 2, for any fixed ∆ the imaginary part of conductivity decreases monotonously from zero to minus infinity when frequency increases from 0 to ∆/ and then increases to zero with further increase of frequency.
IV. REAL PART OF CONDUCTIVITY OF GAPPED GRAPHENE AT NONZERO TEMPERATURE
We start from the real parts of thermal corrections to the conductivities of graphene.
According to Eqs. (2) and (14), they are given by
Recall that the quantities Im∆ T Π 00 and Im∆ T Π (and, thus, Re∆ T σ and Re∆ T σ ⊥ ) are equal to zero under the condition ωη < ∆. Under the opposite condition ωη ≥ ∆ they are given by Eq. (6).
It is convenient to introduce another integration variable in Eq. (6)
where A is defined in Eq. (7). Then Eq. (6) takes the form
Here, the parameter γ is defined as
It is equal to zero in the local limit.
Expanding the exponent-containing fraction in the first formula of Eq. (31) in a series and calculating the integrals [66] one obtains
where I k (z) are the Bessel functions of an imaginary argument.
In a similar manner, the second formula of Eq. (31) can be rewritten as
Substituting Eqs. (33) and (34) with added θ-functions in Eq. (29), we obtain the exact expressions for the real parts of thermal corrections to longitudinal and transverse conductivities of gapped graphene at nonzero temperature
To determinate the role of nonlocal effects we expand the right-hand sides of both expressions in Eq. (35) up to the first order in the small parameter (19) and find
Performing the summation according to Ref.
[66] 
As is seen from Eq. (38), the real parts of thermal corrections to the conductivity of gapped graphene are mostly determined by the local contributions
The nonlocal contributions in Eq. (38) become dominant only at very low temperature when the complete thermal correction is exponentially small.
By adding Eqs. (21) and (39), one arrives at the final expression for the real part of conductivity of gapped graphene at nonzero temperature in the local approximation
In Fig. 3(a) we plot the real part of the normalized to σ 0 longitudinal and transverse conductivities of graphene with the gap parameter ∆ = 0.001 eV as a function of frequency (measured in eV) at different temperatures. The lines from top to bottom correspond to T = 10, 100, and 300 K, respectively (note that T = 300 K corresponds to k B T ≈ 0.025 eV).
To gain a better understanding, the region of very low frequencies is shown in Fig. 3(b) on an enlarged scale. According to Fig. 3(a,b) , the real part of conductivity decreases with increasing T . This is because the thermal correction to conductivity presented in Eq. (39) is negative. As is seen in Fig. 3(a,b) , the real part of the conductivity of graphene increases with increasing frequency and goes to σ 0 . This is, however, not a universal property, but is determined by chosen (small) value of the gap parameter.
To illustrate the latter statement, In Fig. 4 we plot the real parts of the conductivities of graphene with the larger gap parameters equal to (a) ∆ = 0.01 eV and (b) ∆ = 0.06 eV as the functions of frequency. The lines from top to bottom are plotted for T = 10, 100, and 300 K, respectively. As is seen in Fig. 4(a) , at T = 300 and 100 K the real part of conductivity increases, but at T = 10 K it decreases with increasing frequency. Figure 4(b) illustrates what is happening with an increase of the gap parameter to ∆ = 0.06 eV. In this case the real part of conductivity at T = 10 and 100 K decreases with increasing frequency, whereas at T = 300 K it becomes nonmonotonous due to an interplay of two factors in Eq. (40) . With further increase of the gap parameter (up to ∆ = 0.1 eV or larger) the real part of conductivity becomes monotonously decreasing at all considered temperatures, whereas the values of Reσ (⊥) at T = 10 and 100 K become indistinguishable.
V. IMAGINARY PART OF CONDUCTIVITY OF GAPPED GRAPHENE AT NONZERO TEMPERATURE
The imaginary parts of thermal corrections to the conductivity of graphene are obtained from Eqs. (2) and (14) Im∆
At first we consider the frequency region ωη < ∆. Here, the real parts of the temperature corrections to the polarization tensor are presented by Eq. (9). Thus, the exact expressions for Im∆ T σ and Im∆ T σ ⊥ in this region are given by Eqs. (9) and (41) . The total imaginary part of the conductivity is given by
where Imσ
(⊥) is defined in Eq. (27) .
Substituting these equations in Eq. (41), one arrives at equal results for Im∆ T σ and
Similar to Sec. IV, it can be shown that the nonlocal corrections to Im∆ T σ (⊥) (ω, 0, T ) are negligibly small.
The total imaginary part of the conductivity of graphene in the local approximation is given by
(⊥) and Im∆ T σ (⊥) are given by Eqs. (28) and (44), respectively. Note that under the condition ∆ ≪ k B T we can obtain simple asymptotic expression for Im∆ T σ (⊥) in Eq. (44) . For this purpose we take into account that the main contribution to the integral is given by u ≈ 1/β = k B T /( c) and that the condition ∆ ≪ k B T in the frequency region under consideration leads to ω < ∆ ≪ k B T as well. Then, one can neglect by the second term in square brackets of Eq. (44) as compared to unity and, after the integration, arrive at
As is seen from Eqs. (28) and (44), the imaginary part of the conductivity of gapped graphene is negative, whereas the thermal correction to it is positive. This means that the total imaginary part of the conductivity may change its sign at some frequency. Numerical computations confirm this conclusion.
We have computed Imσ (⊥) normalized to σ 0 as a function of ω in the region ω < ∆ at room temperature T = 300 K in two ways: by Eqs. (9), (27) , (41), and (42), i.e., using the exact polarization tensor with several selected values of k, and by Eqs. (28), (44) , and (45), i.e., in the local approximation, with nearly coincident results. In Fig. 5 (a) the normalized imaginary part of conductivity of graphene with the gap parameter ∆ = 0.02 eV is shown as a function of frequency in the region ω < ∆ (the latter is marked by the vertical dashed line). As is seen in Fig. 5(a) , Imσ (⊥) varies from infinity at zero frequency to minus infinity when ω → ∆. It has a root at some ω close to ∆. For better vizualization, in Fig. 5(b) we show an immediate vicinity of the frequency ω = ∆/ on an enlarged scale. The root of Imσ (⊥) is ω 0 = 0.019525 eV. The behavior of Im∆ T σ (⊥) at ω = 0 is determined by the thermal correction Im∆ T σ (⊥) , whereas the behavior in the limiting case ω → ∆ is caused by the imaginary part of conductivity at zero temperature Imσ
(⊥) (compare with Fig. 2 ). For comparison purposes, in Fig. 6 the computational results for Imσ (⊥) at T = 300 K, ω < ∆ are shown also for a larger gap ∆ = 0.1 eV. As is seen in Fig. 6 , in this case the root of Imσ (⊥) , ω 0 = 0.03923 eV, is much more separated from the border frequency ω = ∆ than in Fig. 5 (see below for the discussion of the frequency region ω ≥ ∆).
We are coming now to the imaginary parts of the conductivities of graphene Imσ (⊥) under the condition ω ≥ ∆. The imaginary parts of the thermal corrections, Im∆ T σ (⊥) , are again given by Eq. (41) where, however, the quantities Re∆ T Π 00 and Re∆ T Π are expressed by Eqs. (10)- (13) . These expressions, together with the contribution at zero temperature in Eq. (27) , are used below in numerical computations.
It is possible also to obtain the asymptotic expressions valid under certain additional conditions. Thus, according to Ref. [61] , at relatively high frequencies satisfying the condition
where ζ(z) is the Riemann zeta function.
Substituting these equations in Eq. (41), we have
If ω ≫ k B T and ∆ ≫ k B T the following asymptotic expressions are valid [61] Re∆
The complete imaginary part of the conductivity of gapped graphene under respective conditions is obtained by summing Eqs. (48) and (50) with Eq. (28).
Now we present the results of numerical computations using the exact formulas (10)- (13), (27) , and (41) varies from minus infinity to zero with increasing frequency, i.e., qualitatively in the same way as at zero temperature. By comparing Figs. 5(a) and 6 it is seen that for a larger gap parameter Imσ (⊥) faster approaches to zero with increasing frequency. It can be seen that 
VI. CONCLUSIONS AND DISCUSSION
In the foregoing, we have investigated the conductivity of gapped graphene described by the Dirac model on the basis of first principles of quantum electrodynamics. In doing so, no input parameter has been used. Both cases of zero and nonzero temperature have been considered. The longitudinal and transverse conductivities of graphene were expressed via the components of the polarization tensor in (2+1)-dimensional space-time valid over the entire plane of complex frequency [56] . This is a microscopic description in the sense that the polarization tensor eventually represents the response of individual electronic excitations to the electromagnetic field.
At zero temperature, we have confirmed the analytic expressions (21) and (28) for both real and imaginary parts of the conductivity of graphene obtained earlier in the local approximation [27] . We have also generalized these expressions in Eqs. (17) and (27) taking into account nonlocal effects.
The exact expressions for the real parts of thermal corrections to the real parts of conduc-tivities of gapped graphene at zero temperature are defined in Eq. (35) . The small role of nonlocal effects is demonstrated in Eq. (38) . Finally, simple analytic expression for the real part of the total conductivity of gapped graphene at any temperature is given by Eq. (40).
According to our results, the real part of conductivity is equal to zero for ω < ∆. In the frequency region ω ≥ ∆ the real part of conductivity takes some value σ * belonging to the interval (0, 2σ 0 ) at ω = ∆ and goes to σ 0 with increasing frequency. The value σ * depends on the values of the temperature and gap parameter.
For the imaginary parts of thermal corrections to the imaginary parts of conductivities of gapped graphene at zero temperature, the exact expressions are obtained in Eqs. (41) and (9) in the frequency region ωη < ∆. In the local approximation, the simple Eq. (44) is obtained, as well as the asymptotic expression (46) . The most important impact of temperature on the imaginary part of conductivity of gapped graphene is that it goes to infinity when the frequency vanishes (at T = 0 the imaginary part of conductivity goes to zero with vanishing frequency).
In the frequency region ωη ≥ ∆ the exact expressions for the imaginary parts of thermal corrections are given by Eqs. (41) and (10)- (13) . The simple asymptotic expressions in this case are given in Eqs. (48) and (50) . In all cases, the results of numerical computations performed using the exact formulas are in a very good agreement with that using the local approximation and with the asymptotic expansions in their areas of application. In the limiting case ∆ → 0 all the results of this paper smoothly transform into the previously obtained ones for pure graphene [60] .
Finally, we conclude that the description of graphene by means of the polarization tensor calculated using the first principles of quantum electrodynamics at nonzero temperature in (2+1)-dimensional space-time turns out to be very fruitful not only in the Casimir effect, but also for a better understanding of more conventional physical phenomena, such as the reflectivity and conductivity properties of graphene. In this respect it would be interesting to apply the results of the recent Ref. [67] for theoretical description of electrical conductivity of graphene with nonzero chemical potential using the formalism of the polarization tensor. 
